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Abstract
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1 Introduction

There is a well-established link between population, concentration, and economic activ-
ity at the urban level that, due to its theoretical and policy-making implications, motivates
the study of the city size distribution. Following the seminal contributions in Gabaix (1999)
and Eeckhout (2004), the related literature has mostly focused on testing whether the city
size distribution fits the rank-size rule, also known as Zipf’s law (Rosen and Resnick 1980).
This empirical regularity quantifies the concept of urban hierarchy by stating that the
size of the N-th city is 1/N times the size of the largest one. As pointed out by Arshad,
Hu, and Ashraf (2018), Zipf’s law is not universal, even if only the upper tail of the city
size distribution is considered. The mixed evidence regarding the rank-size rule becomes
especially apparent when the urban structures of different countries are analyzed, see Soo
(2005) and Puente-Ajovin, Ramos, and Sanz-Gracia (2020) for international comparisons.
Nonetheless, a shortcoming commonly found in these cross-country studies is that the def-
inition of what is considered as a city differs across national data sources. Actually, this
issue may lead to conflicting results even within a single country (Fazio and Modica 2015;

Toannides and Skouras 2013; Puente-Ajovin et al. 2020).

Despite the relevance of the city size distribution from an urban economics point of view,
and conditioned by data availability, most studies dealing with this topic measure them in
demographic terms. The main exception is the analysis carried out by Diiben and Krause
(2021) who, following Chen and Nordhaus (2011) and Henderson, Storeygard, and Weil
(2012), use nighttime lights data compiled by satellites to proxy urban economic activity.
The main conclusion drawn by Diiben and Krause (2021) is that while the distribution
of urban population can be characterized by Zipf’s law in most countries, this is not the
case of economic activity. To carry out their empirical analysis, these authors use the data
set created by Bluhm and Krause (2020) to correct the top-coding problem of the ‘stable
night light images’ collected by the Defense Meteorological Satellite Program (DMSP)
Operational Linescan System. At this point, it is also worth noting that these nighttime
lights data are also affected by blurring, geo-location errors, lack of calibration, and coarse

resolution; see Gibson (2021) and Gibson et al. (2021).



Since April 2012, there are available more precise nighttime lights captured by the
Visible Infrared Imaging Radiometer Suite (VIIRS) of instruments onboard the Suomi
NPP satellite. The VIIRS Day/Night Band was designed to measure the radiance of lights
on earth in a wide variety of lightning conditions and covers a dynamic range of about
seven orders of magnitude (DMSP covers less than two), avoiding saturation problems
and top-coding. VIIRS nighttime lights are comparable over time and space, do not have
blurring or geo-location errors, and display, at least, 45 times greater spatial resolution
than DMSP data (Elvidge et al. 2017). For all these reasons, VIIRS data are superior at
attributing lights to the place where they are emitted and, therefore, are a better proxy for
urban economic activity than DMSP images; see Gibson, Olivia, and Boe-Gibson (2020)
for a comparison of these two alternative nighttime lights data sources.

Taking into account previous arguments, the aim of this paper is to contribute to the
literature that compares the distributions of urban population and economic activity. Sim-
ilarly to Puente-Ajovin, Sanso-Navarro, and Vera-Cabello (2021), we will proxy local eco-
nomic activity using nighttime lights captured by VIIRS. By proceeding in this way, and
as a byproduct of our analysis, we will check the suitability of the top-coding correction
of DMSP data based on the assumption of a Pareto distribution proposed by Bluhm and
Krause (2020). In addition, we will assess how the Pareto assumption affects the evi-
dence regarding the relevance of agglomeration economies at the country level. Finally, we
will also explore the distributions of urban population and economic activity by groups of

countries classified according to their income level.

2 Data

The first key issue when carrying out cross-country analyses of the distribution of urban
size is to adopt a homogeneous definition for cities. For the sake of comparability, we have
considered the urban centres delimited by the Global Human Settlement Layer (GHSL)
database, provided by the Joint Research Center of the European Commission, as our unit
of analysis; see Florczyk et al. (2019a) and Florczyk et al. (2019b). The GHSL defines
urban centres consistently across geographical locations as areas with contiguous grid cells
of one square kilometer, where each cell has, at least, 1,500 inhabitants or 50 per cent

built-up surface. The main limitation of this database is that it only includes areas with



more than 50,000 inhabitants. Together with the spatial information of urban centres, we
have also extracted the georreferenced population by one square kilometer grid cells for
the year 2015 from the GHSL. Given that some areas belong to more than one country,
we have proceed in a similar way to Diiben and Krause (2021) and assigned an area to a
single country when it includes more than 75 per cent of the area. Applying this criterion,
as well as only considering countries with more than 10 observations, our sample covers

12,852 urban centres of 100 countries.

The second relevant issue when dealing with urban size is its measurement. The interest
in analyzing this topic is motivated by the fact that cities not only concentrate a large
share of the population of a given country, but also of its economic activity. Moreover,
the urban structure is the outcome of the dynamic interplay between economic activity
and the growth process of cities (Arshad, Hu, and Ashraf 2018). Against this background,
the great majority of studies about the distribution on city sizes measure them using
population data, taking for granted that its location determines the economic landscape.
The main reason is that it was difficult to find information about economic outcomes at the
urban level and that, when available, it was not comparable across countries. Following
Chen and Nordhaus (2011) and Henderson, Storeygard, and Weil (2012), this problem has
been circumvented by Diiben and Krause (2021) using nighttime lights to proxy economic

activity.

In line with Puente-Ajovin, Sanso-Navarro, and Vera-Cabello (2021), and as suggested
by Gibson (2021) and Gibson et al. (2021), we have used the current and more precise VI-
IRS nighttime lights. They have been extracted from the ‘vem-orm-ntl’ annual composites’
for 2015, available at the website of the Earth Observation Group of the National Oceanic
and Atmospheric Administration (U.S. Department of Commerce)?. This data have been
cleaned to exclude background noise, solar and lunar contamination, cloud cover degrada-
tion, and features unrelated to electric lighting (Elvidge et al. 2017). At the pixel level,
reported radiance values are expressed in nano Watts per square centimeter per steradian,
with a resolution of 15 arc seconds (approximately 450 meters at the equator). In the same
manner as population, nighttime lights data have been aggregated for all pixels included

within urban extents to calculate their size.



For comparison purposes, we have also calculated city sizes in economic terms using the
‘stable night light images’ provided by the DMSP, despite their limitations. Given that the
production of DMSP lights ended in 2013, we have used the data for this year. In addition,
the top-coding correction of DMSP data proposed by Bluhm and Krause (2020) has been
used to provide a broad perspective of all nighttime lights data sources available, and to
check the robustness of the results about the city size distribution in economic terms to
their choice. By proceeding in this way, we will also be able to assess the suitability of the
Pareto assumption adopted by Bluhm and Krause (2020) to generate their corrected data

set3.

3 Methodology

The rank-size rule implies that the size distribution of cities can be approximated by
a Pareto function with power law exponent equal to one. For this reason, cross-sectional
empirical analyses of the Zipf’s law are generally based on a log-log linear regression be-
tween the rank of a city and its size. In order to reduce the bias of the OLS estimator in

small samples, Gabaix and Ibragimov (2011) propose the following regression model:

log (Rank; - 0.5) = a - B-log(Size;) +€;, i=1,...,n; (1)

where i is a city indicator, and n denotes the sample size. Zipf’s law is equivalent to 8 = 1.
In our context, a coefficient lower (greater) than one reflects that population/economic
activity is more unequally (equally) distributed across the urban system than predicted by

the rank-size rule.

Gan, Li, and Song (2006) proposed an alternative approach to investigate urban size
distributions based on the implementation of the Kolmogorov-Smirnov (KS) test statistic.
This nonparametric method can be used to compare the distribution of city sizes with a
function of reference, determining the degree of (dis)similarity. We have considered two
references: (i) a Pareto function imposing that the power law exponent is equal to one,
i.e. the exact Zipf’s law; and (ii) a Pareto function with the estimated (8 coefficient in

expression (1) as the power law exponent.



The empirical distribution function of the n independent and identically distributed

ordered size observations can be calculated as:

1& .
Fn(S) = ; Zl 1(_0075](51261'); (2)

where 1(_w,s](5izei) is an indicator function that takes a value equal to one if Size; < s,

zero otherwise.

The Pareto distribution function is given by:

Sizei)B.

Fp(s,8) =1 ( (3)

S

The calculation of the KS test statistic is based on the maximum difference between

the empirical distribution of the data and the reference function:
KS = sup|Fo(s) - Fp(s, B)|. (4)

The null hypothesis is that the observed data has been obtained from the probability
distribution of reference. The resulting test statistic is compared to the critical values of
the KS distribution to assess the validity of the reference function. The smaller the value

of the test statistic, the better the reference function describes the observed city sizes.

4 The distribution of urban population and economic activity

Figure 1 shows kernel densities for the estimated slope parameter in expression (1) at
country level, using four alternative ways of calculating city sizes. The density functions
of Pareto coefficients when size is expressed in demographic terms (orange) and when
it is proxied using VIIRS data (blue) are displayed using solid lines. Estimated slope
parameters are centered around values slightly higher than one when city size is calculated
using information about the number of inhabitants. However, Pareto coefficients tend to be
lower than one when size is expressed in economic terms. Therefore, and corroborating the
findings of Diiben and Krause (2021) and Puente-Ajovin, Sanso-Navarro, and Vera-Cabello
(2021), aggregate urban nighttime lights are more unequally distributed than population.

Focusing on the estimation results from the three alternative satellite imagery, it can be



observed that density functions for DMSP and VIIRS data are quite similar, while that
for the corrected data by Bluhm and Krause (2020) is more leptokurtic. This implies that
the top-coding correction has a non-negligible influence on the estimated parameters from

rank-size rule regressions.
[Insert Figure 1 about here]

The main aim of the empirical model in expression (1) is to test the null hypothesis that
the Pareto coefficient is equal to one; i.e. that Zipf’s law holds. Following Gan, Li, and
Song (2006), we have implemented the KS test against the null hypothesis that city sizes
at the country level are distributed as a Pareto function with power law exponent equal to
one. The cumulative distribution function of the p-values that have been obtained for the
four measures of city size are plotted in Figure 2. In line with the kernel density estimates of
Pareto coefficients shown in Figure 1, the null hypothesis that city sizes adjust to Zipf’s law
can be more easily rejected when they are measured in economic terms. In fact, rejection
rates are similar for the three nighttime lights data sources. The KS test has also been
performed using the OLS estimate for the slope parameter in (1) as the Pareto coefficient.
The cumulative distribution functions displayed in Figure 3 show that, although there is
a slightly higher evidence of a Pareto distribution for aggregate urban night lights, the
null hypothesis can be rejected in more than 70 cases at the 1% significance level. These
findings suggest that the Pareto assumption established by Bluhm and Krause (2020) to
correct for top-coding in DMSP data may not be correct. Nonetheless, this problem mainly
affects bigger cities, which tend to be located in more developed countries. For this reason,

it seems to be of interest to assess city size distributions by country income group.

[Insert Figures 2 and 3 about here|

5 Analysis by country income group

To create country groups, we have used the criterion established by the World Bank for
the year 2015. According to this classification, countries are categorized as ‘Low income’
if their Gross National Income (GNI) per capita is lower or equal than 1,025 U.S. Dollars

(22 out of 100 countries in our sample); ‘Lower-middle income’ if it is between 1,026 and



4,035 USD (29); ‘Upper-middle income’ between 4,036 and 12,475 USD (27); and ‘High
income’ if GNT per capita is higher than 12,475 USD (22). Kernel density estimates of
Pareto coefficients by country income group are plotted in Figure 4. The higher similarity
between the distributions of urban population and economic activity is found for high
income countries. Nonetheless, VIIRS nighttime lights and, especially, DMSP-corrected
data are more unevenly distributed than population. There is a direct relationship between
the similarity between the distributions of population and economic activity and the income
level. In particular, estimated Pareto coefficients for population (night lights) tend to
increase (decrease) when GNI per capita decreases. The highest similarity for estimated
slope parameters of rank-size rule regressions for urban economic activity is found in lower-
middle income countries. This reflects that this group is less affected by the top-coding
problem of DMSP nighttime lights. However, and even if this is expected to also be the
case of low income countries, kernel densities of estimated Pareto coefficients for VIIRS and
DMSP-based data are different. This implies that the higher accuracy of VIIRS images also

affects the conclusions drawn about the city size distribution in less developed countries.

[Insert Figure 4 about here]

Table 1 reports, at different levels of significance, the percentage of rejections by the
KS test of the null hypothesis that the city size distribution is a Pareto function with
power law exponent equal to one. Similarly to Figures 2 and 3, there is more evidence
against the fullfilment of Zipf’s law in the urban distribution of economic activity than of
population when all countries in our sample are analyzed. Broadly speaking, high income
countries tend to display lower rejection rates. With the exception of upper-middle income
countries, there is higher evidence against Zipf’s law in urban economic activity when
it is measured using VIIRS nighttime lights than when it is proxied with DMSP-based
data. Table 2 show similar results when the KS test statistic is performed considering
that the reference distribution is a Pareto function with the estimated slope coefficient in
the rank-size regression as the power law exponent. In this case, and as expected, the
evidence of a Pareto distribution is slighlty higher than that for the exact Zipf’s law both

for urban population and economic activity. Nonetheless, the rejection rates for aggregate



VIIRS night lights at the city level — higher that 50 per cent — do not support the Pareto

assumption established by Bluhm and Krause (2020) to correct DMSP data.

[Insert Tables 1 and 2 about here]|

6 Concluding remarks

This paper compares the distribution of urban population and economic activity, prox-
ied using more accurate nighttime lights data than those used to date. The sample that has
been analyzed covers 12,852 urban centres in 100 countries of different levels of develop-
ment. Our results suggest that aggregate urban night lights are more unequally distributed
than population. Furthermore, the null hypothesis that city sizes adjust to Zipf’s law can
be more easily rejected when they are measured in economic terms. We show that there
is a higher similarity between the distributions of urban population and economic activity
the higher the level of national income per capita. We also provide evidence that casts
doubt on the Pareto assumption adopted to correct top-coding problems in some nighttime
lights data sources.

The empirical analysis carried out can be extended in several directions. First, alterna-
tive definitions of cities, such as functional urban areas, can be adopted. Second, it could
be of interest to analyze the influence of the spatial distribution of cities using appropriate
— spatial econometrics — estimation techniques (Bergs 2021). Finally, the combination of
the urban definitions provided by GHLS with spatial data of the built environment will
allow us to study the distribution of other urban dimensions (Lall et al. 2021). These

alternative extensions are in the research agenda of the authors.
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Tables and figures

Table 1: Kolmogorov-Smirnov test: Exact Zipf’s law. Percentage of rejections at different
significance levels.

Population VIIRS
1% 5%  10% 1% 5% 10%

All countries  16.00 30.00 37.00 85.00 88.00 92.00
High income 0.00 9.09 18.18 63.64 77.27 81.82
Upper-middle 11.11 22.22 25.93 81.48 81.48 88.89
Lower-middle 17.24 44.83 55.17 96.55 96.55 100.00
Low income 36.36  40.91 45.45 95.45 9545 9545

BK DMSP
1% 5% 10% 1% 5% 10%

All countries  81.00 87.00 89.00 78.00 84.00 88.00
High income  63.64 72.73 72.73 50.00 63.64 68.18
Upper-middle 85.18 88.89 88.89 85.18 85.18 88.89
Lower-middle 86.21 93.10 96.55 86.21 93.10 96.55
Low income 86.36  90.91 95.45 86.36 90.91 95.45
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Table 2: Kolmogorov-Smirnov test: Pareto distribution function. Percentage of rejections at
different significance levels.

Population VIIRS
1% 5% 10% 1% 5% 10%

All countries 9.00 17.00 23.00 75.00  80.00 84.00
High income 0.00 0.00 4.54 50.00 63.64 68.18
Upper-middle 7.41 1852 25.93 7078 7078 85.19
Lower-middle 13.79 24.14 31.03 86.21 89.66 89.66
Low income 13.64 2273 27.27 81.82 86.36 90.91

BK DMSP
1% 5%  10% 1% 5%  10%

All countries  72.00 75.00 79.00 72.00 76.00 81.00
High income  45.45 54.54 54.54 4545 54.54 63.64
Upper-middle 81.48 81.48 88.89 81.48 85.19 88.89
Lower-middle 82.76 82.76 86.21 82.76 82.76 86.21
Low income 72.73 T7.27 81.82 72.73 7027 81.82
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Figure 1: Kernel density estimation of Pareto coefficients at country level.
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Figure 2: Cumulative density function of Kolmogorov-Smirnov test p-values using exact

Zipt’s law as a reference.
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Figure 3: Cumulative density function of Kolmogorov-Smirnov test p-values using a Pareto

distribution as a reference.
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Figure 4: Kernel density estimation of Pareto coefficients at country level by income group,
World Bank classification 2015.
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